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P r o p e r t i e s  of e l e c t r o n s  near  absorbing and emi t t i ng  su r faces  

have bken s tud ied  f o r  weakly ionized plasma by analyzing t h e  Boltzmann 

equat ion  governing the e l ec t rons .  For s impl i c i ty ,  i t  w a s  assumed 

t h a t  t h e  electric f i e l d  i n t e n s i t y  is given a p r i o r i .  

t h a t  t h e r e  exists a "nonequilibrium absorp t ion  layer", near  the 

sur face ,  wherein t h e  k i n e t i c  d i s t r i b u t i o n  of e l e c t r o n s  is completely 

ou t  of equi l ibr ium f o r  a l l  va lues  of t h e  mean f r e e  path,  when t h e  

It w a s  shown 

su r face  i s  h ighly  absorbent wi th  small o r  no e l e c t r o n  emission. 

This l a y e r  i s  respons ib le  f o r  t h e  l a r g e  e l e c t r o n  temperature jump 

a t  t h e  sur face ,  and i t  governs t h e  e l e c t r o n  temperature p r o f i l e  

through t h e  continuum as w e l l  as t h e  r a r e f i e l d  p2asmas. It was 

found from t h e  a n a l y s i s  t h a t  t h e  simple su r face  boundary condi t ion  - 

f o r  continuum e l e c t r o n  energy equat ion previously employed by t h e  

present  author is  c o r r e c t  when t h e r e  is  no su r face  emission. 

simple su r face  boundary condi t ion  is  deduced f o r  su r faces  wi th  given 

f i n i t e  emission rates. 

S i m i l a r  



I, INTRODUCTION 

I n t e r a c t i o n  of weakly ion ized  plasma wi th  va r ious  e l e c t r i c a l l y  
1-15 

b iased  su r faces  has  been analyzed i n  r ecen t  years  

analyses except those by Chung 

. I n  a l l  t hese  
7,8,9 10 

and Burke i t  w a s  assumed t h a t  

t h e  e l e c t r o n  temperature i s  e i t h e r  i n  equi l ibr ium wi th  t h e  n e u t r a l  gas 

temperature o r  a known cons tan t .  These assumptions i n  most cases  are 

u n r e a l i s t i c  ones, as was  pointed ou t  by Chung . Nevertheless,  these  
7 

assumptions s impl i fy  t h e  analyses g r e a t l y  by a p r i o r i  e l imina t ing  the  

cons idera t ion  of t h e  e l e c t r o n  energy from t h e  governing equations of 

t h e  problem. With t h e  assumptions, t h e  i n t e r a c t i o n  of t h e  weakly 

ion ized  plasma wi th  var ious  s o l i d  bodies  has been s tud ied  f o r  t he  con- 

tinuum range , in te rmedia te  range , and t h e  c o l l i s i o n l e s s  range . 1-10 11-14 15 

Rather  complete theory has been developed and ex tens ive  s o l u t i o n s  
I 

have been obtained f o r  t h e  continuum range , so t h a t  a l l  t h e  b a s i c  

f e a t u r e s  of t h e  i n t e r a c t i o n ,  lead ing  t o  such as c h a r a c t e r i s t i c s  of 

e l e c t r o s t a t i c  probes, are now q u i t e  w e l l  understood, except f o r  t h e  

behavior  of t h e  e l e c t r o n  temperature. A s  i t  i s  t o  be expected, t he  

a n a l y s i s  of t he  in te rmedia te  range l a g s  behind the  analyses of t h e  

o the r  two ranges because of t he  d i f f i c u l t i e s  a s soc ia t ed  wi th  t h e  s o l u t i o n  

of Boltzmann equation. 

Now, focusing our a t t e n t i o n  on the continuum plasma, t h e  e l imina t ion  

of t h e  prev ious ly  mentioned assumptions on t h e  e l e c t r o n  temperature, i n  

order  t o  make t h e  ana lyses  more r e a l i s t i c ,  does no t  simply imply the  

inc lus ion  of t h e  corresponding continuum r e l a t i o n s h i p  f o r  t h e  e l e c t r o n  

energy. 
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A s  i t  w i l l  b e  shown i n  t h i s  paper from Boltzmann equat ion,  

t h e  t r anspor t  of e l ec t rons  becomes t o  b e  governed by a continuum 

equat ion as t h e  s u i t a b l y  def ined mean f r e e  pa th  f o r  c o l l i s i o n s  be- 

comes s u f f i c i e n t l y  s m a l l ,  as compared wi th  t h e  c h a r a c t e r i s t i c  

l eng th  of t h e  flow f i e l d ,  when t h e  e l e c t r o n  temperature i s  assumed 
** 

t o  be  known a p r i o r i .  I f  i t  i s  considered, however, t h a t  t h e  

e l e c t r o n  energy, l i k e  t h e  e l e c t r o n  concent ra t ion ,  i s  governed by 

t h e  Boltzmann equation, one f i n d s  t h a t  t h e  continuum condi t ion  

cannot be  obtained.near  t h e  sur face ,  when t h e  s u r f a c e  is  a per- 

f e c t  absorber  of e l e c t r o n s  (pe r fec t  conductor) w i th  a n e g l i g i b l e  

emission rate, doesn ' t  matter how s m a l l  t h e  mean f r e e  pa th  becomes. 

A s  i t  w i l l  b e  seen la ter ,  t h i s  is because t h e  k i n e t i c  d i s t r i b u t i o n  

of e l e c t r o n s  i n  t h e  v e l o c i t y  space i s  always completely ou t  of 

equi l ibr ium near  t h e  sur face ,  when t h e  su r face  is a p e r f e c t  

absorber ,  f o r  a l l  non-zero va lues  of t h e  mean f r e e  path.  This  

nonequilibrium d i s t r i b u t i o n  of e l e c t r o n s  i n  v e l o c i t y  space,  how- 

ever ,  does not  have any apprec iab le  e f f e c t  on t h e  e l e c t r o n  t rans-  

po r t ,  s i n c e  i t  i s  confined wi th in  few mean f r e e  pa ths  from t h e  

sur face ,  when t h e  e l e c t r o n  temperature is  assumed t o  be  known 

throughout t h e  plasma. The nonequilibrium e l e c t r o n  d i s t r i b u t i o n  

near  t h e  sur face ,  on t h e  o the r  hand, has a c r i t i ca l  e f f e c t  on t h e  

e l e c t r o n  energy equat ion f o r  i t  determines t h e  w a l l  boundary 

condi t ion  f o r  t h i s  equation. The w a l l  boundary condi t ion ,  of 

course,  a f f e c t s  t h e  e n t i r e  e l e c t r o n  temperature p r o f i l e  a c r o s s , t h e  

p lasma and, i n  tu rn ,  i t  a f f e c t s  t h e  t r anspor t  of e l e c t r o n s  through 

i t s  e f f e c t  on t h e  electric f i e l d  i n t e n s i t y .  

The problem of t h e  w a l l  boundary condi t ion  f o r  tile e l e c t r o n  



- 4  - 

7 
energy equation was first recognized by Chung . Chung showed that a 

singularity exists for the continuum electron energy equation at the 

surface of a non-emitting conductor. 

based on continuum 

seen t o  be the cause of the singularity. Mathematically, this singu- 

larity was found to be removable and self-consistent solution of the 

Although the analysis was entirely 

theory, the breakdown of the continuum theory was 
7 

7 

electron energy equation, along with the other governing equations, was 

obtained, 
10 

Subsequently, Burke faced the same problem of wall boundary con- 
10 

dition for the electron energy equation. In the work of Burke , the 
various continuum governing equations, including the electron energy 

equation, were rederived rigorously by a near-equilibrium perturbation 

of the Boltzmann equation similar to the well-known Enskog-Chapman 

expans ion . This, however, did not help t o  resolve the problem 
16,17 

of surface boundary condition, because, as it was stated before, the 

kinetic distribution of the electrons near the surface is so completely 

out of equilibrium that the near equilibrium perturbation is not applicable 

there. Consequently, an approximate boundary condition similar to that 

employed by Chung 
7 
was derived from the continuum equations, 

In the present paper, the behavior of electrons in weakly ionized 

plasma will be studied by a nonequilibrium (not near-equilibrium) kinetic 

theory. A nonequilibrium kinetic theory analysis of the plasma consisting 

of neutral gas, ions, and electrons is a very formidable problem even with 

the assumptions of known electron temperatures (see references 11-14). 

The main purpose of the present analysis is to describe the electron energy 
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near  t h e  su r face  and i t s  e f f e c t  on the  e l e c t r o n  temperature throughout 

t he  plasma, 

ions ,  i n  a weakly ion ized  plasma, i s  through the  e lectr ic  f i e l d  governed 

by a Poisson equat ion (see references  1 and 2 ) ,  which becomes a body 

f o r c e  on t h e  e lec t rons .  In  order  n o t  t o  obscure t h e  main purpose of t he  

p re sen t  s tudy by t h e  mathematical d i f f i c u l t i e s  a s soc ia t ed  wi th  a 

complete k i n e t i c  theory d e s c r i p t i o n  of t he  plasma, w e  s h a l l  consider  

The only i n t e r a c t i o n  of t h e  e l e c t r o n s  with t h e  p o s i t i v e  

11-14 

t h a t  t he  e lectr ic  f i e l d  i n t e n s i t y  a c t i n g  on t h e  e l e c t r o n s  as a body 

f o r c e  i s  given a p r i o r i .  

t o  b e  known, the  governing equat ion f o r  e l e c t r o n s  i s  decoupled from t h a t  

With t h e  e lectr ic  f i e l d  i n t e n s i t y  corisidered 

f o r  i ons  and from t h e  Poisson equation, The mathematical problem i s  

then reduced t o  t h e  s o l u t i o n  of a Boltzmann equat ion f o r  t h e  behaviors  

of e l e c t r o n s  and e l e c t r o n  energy i n  t h e  presence of c o l l i s o n s  wi th  the  

n e u t r a l  gas p a r t i c l e s  and the  given e lec t r ic  f i e l d  i n t e n s i t y ,  P a r t i c u l a r  

a t t e n t i o n  w i l l  be  given t o  t h e  p r o p e r t i e s  of e l e c t r o n s  near  absorbing 

and thermionica l ly  emi t t i ng  su r faces  i n  t h e  l i m i t  of small e lec t ron-neut ra l  

gas  mean f r e e  pa ths  wherein t h e  e l e c t r o n  and e l e c t r o n  energy t r a n s p o r t s  

would be  continuum processes  i f  i t  w e r e  n o t  f o r  t h e  s u r f a c e  phenomena 

descr ibed earlier. 

It w i l l  b e  shown from t h e  p re sen t  a n a l y s i s  t h a t  t h e  su r face  boundary 
7 

condi t ion  employed by Chung f o r  t h e  cont'inuum e l e c t r o n  energy equat ion 

i s  s u f f i c i e n t l y  accu ra t e  when t h e  su r face  is a non-emitting conductor. 

The su r face  boundary condi t ion  f o r  t he  thermionica l ly  emi t t i ng  su r faces  

w i l l  be der ived a l s o  from t h e  ana lys i s .  F ina l ly ,  the s o l u t i o n  w i l l  show 

t h e  e f f e c t  of r a r e f a c t i o n  ( increas ing  mean free path) on t h e  e l e c t r o n  and 

e l e c t r o n  energy p r o f i l e s .  



11. FORMULATION OF PPJJBLEM 

The s impl i f i ed  problem t o  be  analyzed i n  t h e  present  paper, 

i n  o rde r  t o  understand t h e  behavior of e l e c t r o n s  near  su r faces  

a f f e c t i n g  t h e  e l e c t r o n  temperature, w a s  descr ibed i n  t h e  preceding 

s e c t i o n  along wi th  t h e  j u s t i f i c a t i o n  of t h e  s impl i f i ca t ion .  

Spec i f i ca l ly ,  w e  consider  t h a t  a weakly ionized plasma is 

confined between two i n f i n i t e ,  p a r a l l e l  p l a t e s  as shown i n  Fig.1. 

W e  consider  that both  p l a t e s  absorb a l l  t h e  e l e c t r o n s  c o l l i d i n g  

wi th  t h e  p l a t e s  and, a t  t h e  same t i m e ,  may e m i t  e l e c t r o n s  which 

are i n  half-Maxwellian d i s t r i b u t i o n ,  with a l l  t h e  p a r t i c l e  velo- 

c i t ies  d i r e c t e d  toward t h e  plasma, a t  t h e  temperature of t h e  p l a t e s .  

This  emission may b e  due t o  thermionic,  s u r f a c e  ion iza t ion ,  o r  

any o the r  processes .  The p a r t i c u l a r  mechanism of e l e c t r o n  emission 

is  i r r e l e v a n t  t o  t h e  present  ana lys i s .  Also,  t h e  p l a t e s  are 

sources  and sinks f o r  t h e  ions;  however, t h e  ions  are of no d i r e c t  

i n t e r e s t  t o  the p resen t  problem. 

L e t  us now consider  t h e  b a s i c  equat ion and boundary condi t ions  

which desc r ibe  t h i s  problem. 

Boltzmann Equation 

The s t a r t i n g  po in t  of t h e  present  a n a l y s i s  is t h e  fol lowing 

Boltzmann equat ion which governs t h e  d i s t r i b u t i o n  func t ion  f of 

t h e  e l ec t rons .  For t h e  plasma conf igura t ion  given i n  Fig.  1, the  

e 

Boltzmann equat ion i s  w r i t t e n  as 
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where u, v, and w are t h e  x, y,  and z components of t h e  p a r t i c l e  

v e l o c i t y  r e spec t ive ly ,  and t h e  s u b s c r i p t s  e and g denote  t h e  elec- 

t rons  and n e u t r a l  gas p a r t i c l e s  r e spec t ive ly .  The symbol f 

r ep resen t s  t h e  d i s t r i b u t i o n  func t ion ,  and V i s  t h e  r e l a t i v e  velo- 

c i t y  between an e l e c t r o n  and a n e u t r a l  gas  p a r t i c l e  be fo re  an  

encounter. Quan t i t i e s  p and a are t h e  c o l l i s i o n  parameter and 

c o l l i s i o n  ang le  r e spec t ive ly .  E(y) i s  t h e  electric f i e l d  inten-  

s i t y  i n  t h e  d i r e c t i o n  of y. 

denote  those  fol lowing a c o l l i s i o n .  

The d i s t r i b u t i o n  func t ions  wi th  a ba r  

By d e f i n i t i o n ,  i n  weakly ionized plasma, t h e  e lec t ron-e lec t ron  

and electron-ion c o l l i s i o n  f requencies  are neg l ig ib ly  s m a l l  as 

compared wi th  t h e  e lec t ron-neut ra l  c o l l i s i o n  frequency. 

only the  c o l l i s i o n s  between the  e l e c t r o n s  and t h e  n e u t r a l  gas  par- 

t ic les  are included i n  Eq . ( l ) .A l . so ,  i n  weakly ionized plasma, t h e  

Hence, 

n e u t r a l  gas is, f o r  a l l  pract ical  purposes, unaffected by t h e  

presence of t h e  ionized species'-". 

t i o n  of t h e  n e u t r a l  gas p a r t i c l e s  i s  considered t o  be  known from 

t h e  e x i s t i n g  ana lyses  of n e u t r a l  gases  confined between two i n f i -  

n i t e  p a r a l l e l  p l a t e s  (see f o r  i n s t ance  r e fe rences  18 and 19) .  

Hence, t h e  d i s t r i b u t i o n  func- 

A s  i t  w a s  mentioned toward t h e  end of s e c t i o n  I, t h e  electric 

f i e l d  i n t e n s i t y  E is  simply a body f o r c e  a c t i n g  on t h e  e lec t rons .  

It i s  immaterial what creates t h e  e lectr ic  f i e l d  as f a r  as t h e  pre- 

s e n t  s tudy of t h e  i n t e r a c t i o n  of t h e  e l e c t r o n  energy wi th  the 

su r face  i s  concerned. Therefore,  as i t  w a s  mentioned i n  s e c t i o n  I, 

w e  consider  t h a t  E i s  given. 

is, therefore ,  t h e  e l e c t r o n  d i s t r i b u t i o n  func t ion  f and E q . ( l )  

i s  now determinate  provided t h a t  t h e  inter-molecular p o t e n t i a l  

The only unknown func t ion  i n  Eq.(1) 

e' 
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f o r  t h e  c o l l i s i o n s  i s  known. The intermolecular  p o t e n t i a l  w i l l  

be  discussed later. 

Boundary Conditions . 

I n  accordance wi th  t h e  phys ica l  problem descr ibed a t  t h e  

beginning of t h e  present  sec t ion ,  t h e  boundary condi t ions  are 

def ined as follows. 

and a t  Y = y/L = 1; 

I n  the  above expressions,  n' 

of t h e  e l ec t rons  being e?niE"Leci a t  the lower and the upper p l a t e s  

r e spec t i s e ly .  A l so ,  m and T '  ars the  p a r t i c l e  xass z r~d  the temper- 

a t u r e  respec t ive ly .  The s u b s c r i p t s  w a n d a  r e f e r  t o  t h e  lower and 

t o  t h e  upper p l a t e s  respec t ive ly .  L is  the  d i s t a n c e  between t h e  

and n/ are  t h e  number d e n s i t i e s  
eb , T? p" 

two p l a t e s .  Note t h a t  when e i t h e r  su r face  is  a p e r f e c t  conductor 

without emission, n' o r  n '  i s  zero. T'  i s  t h e  p l a t e  temperature,  ea ,m eb,w S 

Eqs.(l),~Z)and(3)constitute a cons i s t en t  boundary 

va lue  problem. However, a d i r e c t  s o l u t i o n  of a Boltzmann equation, 

such as Eq . ( l ) , fo r  a completely nonequilibrium case is  near ly  

impossible. We s h a l l ,  i n  t h e  present  ana lys i s ,  employ the moment 

method due t o  Mott-Smith2' and Liu and Lees18 t o  b e  discussed 

later. 

A s  t h e  necessary f i r s t  s t e p  t o  a moment method, w e  shall ,  show 
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t he  general ized moment 'equation corresponding t o  Eq. (1). 

Generalized Moment Equation 

W e  l e t  Q b e  a general ized func t ion  of t h e  e l e c t r o n  p a r t i c l e  i 
v e loc i ty .  

r e spec t  t o  t h e  e l e c t r o n  v e l o c i t y  space. Af te r  a r a t h e r  s tandard 

manipulation (see re fe rences  116' and 17), t h e  r e s u l t i n g  equa- + 

We then mul t ip ly  Eq.(l)by Q and i n t e g r a t e  each t e r m w i t h  
I 

t i o n  is, 

m m 

a Q  duedvedwe = A Q  d E 
m - JJJ feveQduedvedwe 

- - e -m f e  ave dy -m 
( 4 )  

where 
m 

A Q  =J.fJJJJJJ(&Q) f f V p dp da due dv dw du dv dw (5) 
-W e g  e e g g g  

and denotes  t h e  va lue  of Q fol lowing a c o l l i s i o n .  

The formulat ion of the problein i s  now complete. T h e  so lu t ion  

of Eq. (1) t o  s a t i s f y  t h e  houcdary condi t ions,  E q s .  (2) and ( 3 ) ,  

and t h e  d iscuss ion  of phys ica l  s ign i f i cance  of  t h e  s o l u t i o n  obtained 

w i l l  comprise t h e  rest of t h e  paper. 

111. GOVERNING MOMENT EQUATIONS 

We s h a l l  f i r s t  make t r a c t a b l e  t h e  t e r m  AQ given by Eq. (5) 
17 

by choosing t h e  Maxwell's i nve r se  f i f t h  power in te rmolecular  f o r c e  . 
W e  s h a l l  then develop from Eq. ( 4 )  a s e t  of p a r t i c u l a r  moment equa- 

t i o n s  wi th  t h e  use  of Liu and Lees'' moment method. Solu t ions  of 

t h e  r e s u l t i n g  equat ions w i l l  begin i n  t h e  next  sec t ion .  

Intermolecular  Force 

It i s  known t h a t  t h e  Maxwell's intermolecular  f o r c e  l a w  
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* ** 
descr ibes  t h e  c o l l i s i o n s  between e l ec t rons  wi th  low energ ies  

and n e u t r a l  gas p a r t i c l e s ,  e s p e c i a l l y  t h e  monatomic gas p a r t i c l e s ,  

q u i t e  w e l l .  A s  i t  w a s  done i n  the  previous analyses  11-14 of 

weakly ionized p la smas ,  w e  s h a l l  h e r e i n  employ t h i s  f o r c e  l a w  

which permits t h e  i n t e g r a t i o n  of t h e  c o l l i s i o n  i n t e g r a l .  Thus, 

w e  consider  t h a t  t h e  r epu l s ive  f o r c e  between a n e u t r a l  gas  p a r t i -  

c l e  and an e l e c t r o n  i s  given17 by m m K 

cons tan t  and r is  t h e  d i s t ance  between t h e  c o l l i d i n g  pa i r .  

r-5, where K i s  a 
e g eg eg 

With t h e  Maxwell's intermolecular  f o r c e  l a w ,  A Q  becomes 

( see  r e fe rence  1 7 ) ;  

where 
B=- a=2Tr 

J = 1 1 Q BdBda 
B=O a=o 

Moment Equations 

The p a r t i c u l a r  moment method t o  be  employed i n  t h e  present  

study t o  so lve  t h e  Boltzmann equation, Eq. (l), is t h a t  due t o  

Mott-Smith 20 , and Liu and Lees". This  method has been employed 

i n  var ious  modified forms t o  desc r ibe  t h e  p la smas  by k i n e t i c  

theory when t h e  e l e c t r o n  temperature w a s  assumed t o  be known 11-14 

The d e t a i l s  of t h e  g m e r a l  method are given i n  re ferences  

11 through 14, and w i l l  no t  b e  repeated here .  

method, however, as appl ied  t o  a weakly ionized plasma should 

be discussed, 

One aspec t  of t h e  

18 I n  t h e  moment method due t o  Mott-Smith2O, and Liu and L e e s  , 



- 11 - 
one f i r s t  chooses a form of d i s t r i b u t i o n  func t ion  which w i l l  g ive  

t h e  c o r r e c t  d i s t r i b u t i o n  func t ions  i n  t h e  two l i m i t s  of t h e  com- 

p l e t e l y  r a r e f i e d  c o l l i s i o n l e s s  case and t h e  c o l l i s i o n  dominated 

continuum case. This  form of t h e  d i s t r i b u t i o n  func t ion  is  then 

s u b s t i t u t e d  i n t o  t h e  va r ious  p a r t i c u l a r  moment equat ions der ived 

i 

from t h e  gene ra l  moment equat ion,  Eq. ( 4 ) .  The r e s u l t i n g  moment 

equations are then solved f o r  t h e  unknown funct ions  comprising 

the  chosen form of t h e  d i s t r i b u t i o n  funct ion.  

Two half-Naxwellian d i s t r i b u t i o n  func t ions  were employed by 

' 11 Wasserstrom e t  a1 t o  analyze tb.e plasma as i t  w a s  done t o  analyze 

the  Couette flow of a n e u t r a l  gas  by Liu and Lees18. A s  i t  w a s  

mentioned therein'', t h i s  i s  not  q u i t e  co r rec t .  It i s  because 

the  d i s t r i b u t i o n  functi-on of t h e  e l c c t r k  i s  not  ccmprised of t w o  

half-Maxwellians i n  t h e  c o l l i s i o n l e s s  l i m i t ,  as i t  is  w L t h  the 

n e u t r a l  gas,  s i n c e  t h e r e  e x i s t s  a body fo rce  ( e l e c t r i c  f i e l d ) .  

The e f f e c t  of using t h e  two half-Maxwellian d i s t r i b u t i o n  func t ions  

on t h e  a n a l y s i s  of plasmas was s tudied  i n  d e t a i l  by Chou e t  a1 . 
This 'stucly12 showed, as was expected, t h a t  the- e r r o r  caused by t h e  

1 2  

use  of t h e  two half-Maxwellians inc reases  wi th  r a r e f a c t i o n ,  and 

t h a t  t h e  e r r o r  becomes n e g l i g i b l e  as t h e  e lec t ron-neut ra l  gas  col-  

l i s i o n  becomes frequent .  Since i t  is  t h e  c o l l i s i o n s  which scatter 

, t h e  e l e c t r o n s  toward two half-Ma-mellian d i s t r i b u t i o n s ,  one f o r  
I 

< 0, i t  i s  seenx2 t h a t  t he  use  of t h e  two v 

half-Maxwellians f o r  a plasma w i l l  be  as acceAtable as f o r  t h e  

> 0 and one f o r  v e e 

n e u t r a l  gasL8 when; I 
EX - << 1 
kT ' e 

where X i s  t h e  mean f r e e  pa th  between e l e c t r o n s  and n e u t r a l  gas.  
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The present  ana lys i s -  i s  concerned wi th  the  cases wherein t h e r e  

i s  a s u f f i c i e n t l y  l a r g e  number of c o l l i s i o n s  (see s e c t i o n  I) such 

t h a t  t h e  above r e l a t i o n s h i p  i s  s a t i s f i e d .  Hence, w e  assume t h a t ;  

f = f  e ea 

where 

f eb  = n' eb 2nkTLb me ( y )  13" 

and, f e a  and f a r e  zero ff3r ~7 e b  e 

i- f eb  (9) 

m e 
e*P [- 2kT;b (y) e 

(u; + v2 + w2) (11) 
e 1 

> 0 and v < 0 respec t ive ly .  
e 

There a re  fou r  unknown funct ions ,  n* n*  and T '  i n  ea' eb' ':ay eb' 

t h e  present  assumed form of the  d i s t r i b h t i o n  func t ion ,  Eqs. (10) 

and (11). We, the re fo re ,  need fou r  moment equat ions.  These equa- 

t i o n s  are obtained from Eq. ( 4 )  by s u b s t i t u t i n g  t h e  va lues ,  l, Ve, 

u2 -k v2 + w;, and ve(u2 + v2 + w2) sucess ive ly  f o r  Q. 

gas component system, such as those  of  re ferences  1 8  and 20, t h e  

I n  a one 
e e e e e 

f i r s t  t h r e e  va lues  of Q represent ing  t h e  mass, momentum, and t h e  

energy r e spec t ive ly  w e r e  c o l l i s i o n a l  i n v a r i a n t s  i f j  

AQ = 0. On the  o the r  hand, t h e  mass and t h e  energy were c o l l i s i o n a l  

i n v a r i a n t s  i n  t h e  ana lyses  "-14 of weakly ion ized  p lasma wi th  given 

which gave 

e l e c t r o n  temperatures.  I n  the  present  study, as i t  w i l l  be  seen 

subsequently,  only t h e  mass, Q = 1, i s  a c o l l i s i o n a l  i nva r i an t .  
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A s  w e  s u b s t i t u t e  Q = 1, -Ve, (u2 + v2 + w2), and Ve(uE + v: + w;) e e e 

e l y  i n  Eq.(4),and as w e  make u s e  of Eqs. (6), (7), and (9) 

through (ll), t h e r e  r e s u l t  t h e  fol lowing fou r  moment equations a f -  

ter a cons iderable  manipulation. 

Continuity;  

n i  T' 4) = 0 (12)" d '  4 -  - (n '  T'  dy eb eb ea ea 

Moment urn ; 

d - (n' T' + n i  T '  - (nib + n:,) E ~ L  ' dy eb .eb ea ea 

Energy; 

Energy Transport;  

2 1 d 2 - (n' T' -I- n'  T '  ) - E(n' T'  + n'  T' ) dy eb eb ea ea eb eb ea ea 

where n' i s  t h e  n e u t r a l  gas number dens i ty .  
g 



I n  Eq. (13), t h e  average d i f f u s i o n  v e l o c i t y  of n e u t r a l  gas  

is considered t o  be neg l ig ib ly  s m a l l  as compared wi th  t h a t  of t h e  

e l e c t r o n s  i n  accordance with t h e  d e f i n i t i o n  of t h e  weakly ionized 

plasma. The genera l  d e r i v a t i o n  of t h e  right-hand s i d e  of Eq. (13), 

which comes from AQ, i s  given by Jeans,17 The cons tan t  A which 

appears i n  t h e  d e r i v a t i o n  of A Q  w a s  computed17 t o  be  2.6595. 

2 2 2 17 The A Q  f o r  Q = ve(ue + ve + w ) w a s  a l s o  der ived  by Jeans , e 

bu t  only f o r  one gas component system wherein a l l  t h e  c o l l i d i n g  

p a r t i c l e s  have t h e  same mass. 

w2 are der ived  i n  t h e  p re sen t  a n a l y s i s  f o r  m /m 

i n v e r s e  f i f t h  power l a w  of c o l l i s i o n ,  r e s u l t i n g  i n  t h e  r i g h t  hand 

s i d e s  of Eqs. (15) and (14) r e spec t ive ly ,  These d e r i v a t i o n s  are 

This A Q  and t h a t  f o r  Q = u: + v: + 
<< 1 using  t h e  

e e g  

r a t h e r  lengthy  and ted ious ;  however, they fo l low t h e  s tandard  

method17 and are not shown here.  

Before w e  move on t o  t h e  manipulat ions of Eqs. (12) through 

(15), i t  should be  pointed out  he re  t h a t  t h e  present  moment method 

of s o l u t i o n  of t h e  Boltzmann equat ion wherein t h e  two ha l f -  

Maxwellian d i s t r i b u t i o n  func t ions ,  Eqs. (10) and (ll), are used 

au tomat ica l ly  s a t i f i e s  t h e  boundary condi t ions ,  Eqs.  (2) and 

(3) 

W e  s h a l l  now nondimensionalize t h e  moment equations i n  t h e  

following. 

Nondimensionalization of Moment Equations 

There are two c h a r a c t e r i s t i c  l eng ths  i n  t h e  present  problem 

shown on Fig. 1. 

be  defined i n -  t e r m s  of t h e  p re sen t  c o l l i s i o n  parameters as; 

They are L and t h e  mean f r e e  pa th  A which can 



2 2 (n,,Tb + naTa) - F (%Tb + naTa) 

, 31'2) 
"aTa 

where 
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Since t h i s  elastic c o l l i s i o n a l  energy exchange does not  

b a s i c a l l y  alter t h e  behavior of t h e  e l e c t r o n s  near  t h e  sur faces ,  

w e  conf ine  our a n a l y s i s  t o  t h e  va lues  of E >> m /m 

t h e  right-hand s i d e  of Eq. (19). 

and neg lec t  
e g  

The body f o r c e  E and t h e  n e u t r a l  gas d e n s i t y  n' are known 
f3 

func t ions  i n  t h e  p re sen t  problem as w a s  explained earlier. 

out  l o s s  of g e n e r a l i t y ,  w e  may l e t  N 

f o r  s impl i c i ty .  

With- 

= 1 and F t o  b e  cons tan t  
g 

Also w e  conf ine  our a n a l y s i s  t o  FE<< 1 according t o  

Eq. (8). 

With t h e  above' mentioned condi t ions ,  w e  now seek t h e  s o l u t i o n  

of Eqs. (17) through (20) f o r  E<< 1. I n  t h e s e  equations,  t h e  

h ighes t  o rder  d e r i v a t i v e  t e r m s  are mul t ip l i ed  by E, and, hence, 

t h e  equations could e x h i b i t  c e r t a i n  l o c a l l y  s i n g u l a r  behavior. 

s h a l l  f i r s t  d i s c u s s  t h e  genera l  behavior of Eqs. (17) through (20), 

W e  

and t h e  phys ica l  imp l i ca t ions  of t h i s  behavior. Actual s o l u t i o n  

of t h e  equations w i l l  then follow. 

IV. GENERAL BEHAVIOR 

18 
I n  t h e  o r i g i n a l  a n a l y s i s  of t h e  s i n g l e  component n e u t r a l  

gas by t h e  method used here in ,  t he re  w a s  no s i n g u l a r  reg ion  f o r  
18 

E<< 1. One can show t h e r e  t h a t  i n  t h e  l i m i t  of E+ 0, t h e  de- 

generated equations produce t h e  continuum equations which are valid 

everywhere. Therefore, i f  one w e r e  t o  pe r tu rb  t h e  governing equat ions  

i n  t h e  problem of r e fe rence  18, i t  would simply be a r egu la r  per tur -  

ba t ion  f o r  small E which is v a l i d  uniformly throughout t h e  flow f i e l d .  
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It is  noted here,  however, t h a t  i f  t h e  s u r f a c e  boundary con- 

d i t i o n  i n  .the problem of Liu and Leesx8 w e r e  t h a t  t h e  gas particles 

are re-emitted specular ly ,  i n s t ead  of d i f f u s e l y  as i t  was, then 

t h e r e  would have been a "Knudsen Layer" as E + 0 which i s  a singu- 

lar  region. That problem, however, could not be  analyzed by t h e  

p a r t i c u l a r  moment method. . 18 

Now r e t u r n i n g  t o  t h e  p re sen t  problem descr ibed by Eqs. (17) 

through (20), w e  observe the  fol lowing i n t e r e s t i n g  phenomena. I n  

t h e  l i m i t  of E -+ 0, Eqs. (18) and (20) show t h a t  n -+ n ' and a b  
T, -+ T which means, according t o  Eqs. (10) and (11) , t h e  d i s t r i -  

bu t ion  func t ion  approaches t h e  f u l l  Maxwellian and, hence, t h e  

t r a n s p o r t  process becomes continuum, as w a s  expected. There is, 

however, one f a c t ,  which is not immediately obvious, t h a t  breaks 

a b' 

down t h e  v a l i d i t y  of t h e  continuum l i m i t  near t he  su r face ,  when 

t h e  s u r f a c e  i s  a h ighly  absorbent conductor wi th  s m a l l  o r  no e m i s -  

s ion . 
Consider f o r  t h e  moment t h a t  t h e r e  is  no emission of e l e c t r o n s  

a t  t h e  lower sur face .  Then 

condi t ion .  Now Eqs. (18) and (20) show t h a t  i n  t h e  l i m i t  of E -+ 0, 

T ' = 0 according t o  our boundary %,w b,w 

% (n T )w = 0 a a  

The above equations show t h a t  n = 0, bu t  T can be a 

value,  showing t h a t  E -+ 0 does no t  ensure the  continuum near such 

a sur face .  

Eqs. (18) and (20) and. examine t h e s e  equations more ca re fu l ly .  

aw a w  

With t h e  preceding knowledges, w e  can now r e t u r n  t o  
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I f  n + TI,,* 0 near t h e  lower su r face ,  then  t h e r e  must exis t  
a'. 

a reg ion  near t h e  s u r f a c e  wherein the  right-hand s i d e s  of Eqs, (18) 

and (20) are of t h e  order  of t h e  magnitude of E o r  less f o r  a l l  . 

va lues  of E << 1, inc lud ing  E = 0. Therefore, i n  t h i s  reg ion  near 

t h e  conductor, Eqs. (17) through (20) do no t  reduce t o  continuum 

r e l a t i o n s ' e v e n  i n  the  l i m i t  of E -+ 0. This reg ion  near a h ighly  
~ 

absorbent s u r f a c e  wi th  no o r  s m a l l  emission is a s ingua l r  region, 

and l e t  us  call  it t h e  "nonequilibrium absorp t ion  layer"  f o r  t h e  

l a c k  of a b e t t e r  name. 

Obviously t h e  b e s t  s u i t e d  method, i n  t h e  l i g h t  of t h e  preceding 

d iscuss ion ,  of s o l u t i o n  of Eqs.  (17) through (20) i s  t h e  method 

of "inner-and-outer" expansions descr ibed i n  r e fe rences  2 1  through 

23. W e  now proceed t o  s o l v e  Eqs. (17) through (20) by t h i s  method 

of s ingu la r  per turba t ion .  

V. SOLUTION OF GOVERNING EQUATIONS . 

I n  t h i s  s ec t ion ,  w e  s h a l l  obtarLn t h e  s o l u t i o n  of Eqs.  (17) 

of 
v7r 

through (20) f o r  s m a l l  va lues  e = A,/L by t h e  method of "inner- 7---- - -  

and-ou t er" expans ions.  We cons ider ,  henceforth,  t h a t  n <<n eb,w e a , m '  

and cons ider  t h a t  it is t h e  lower p l a t e  (w) which is t h e  s u r f a c e  

of our i n t e r e s t .  

The genera l  method of "inner-and-outer" expansions i s  now w e l l  

known 21-23. This method has been employed i n  t h e  s o l u t i o n  of many 

f l u i d  mechanics problems (see f o r  i n s t ance  r e fe rences  2, 5, 6 ,  24, 

and 25). W e  s h a l l ,  t he re fo re ,  apply t h i s  method t o  t h e  present  



-19- 

problem without much e iabora t ion .  

Outer Regi'on;. Continuum Region 

W e  expand t h e  dependent v a r i a b l e s  as; 

n = n +€ni l  + E %  + o ( E ~ )  i i o  i 2  

- + E t  + + wE3) il ;: = ti - tio 
3 

where i may b e  e i t h e r  a o r  b. 
I - 

A s u b s t i t u t i o n  of Eqs. (23) i n t o  Eqs.  (17) through (20) r e s u l t s  

i n  sets of pe r tu rba t ion  equations,  o u t  of which w e  write t h e  f i r s t  

two sets as; 

f o r  0(1), 

- n  t ) = 0  d 
=("botbo ao ao 

n t - n  t = O  bo bo ao ao 

- n  t ) d F -(n t 3  - n t 3  ) = -(n dY bo bo ao ao 2 bo'bo ao ao 

t 3  - n  t 3  = O  
%Io bo ao ao 

- n  t ) = 0  d 
=("botbo ao ao 

n t - n  t = O  bo bo ao ao 

- n  t ) d F -(n t 3  - n t 3  ) = -(n dY bo bo ao ao 2 bo'bo ao ao 

t 3  - n  t 3  = O  
%Io bo ao ao 

and f o r  O(E , 

t 2 + n  t 2 ) = - 2 ( % I l t b o - n  t + n  t - n  t ) d 
dy(%o bo ao ao a1 ao bo b l  ao a1 

f F (nb0 + nao) (25) 

- 3 t 2 t  n + n  t 3  - n  t 3 )  d 
ao a1 ao bl bo a1 ao dn(3 t  bo 2 t blnbo 

+ n  t - n  t 
="'2)F (%ltbo' nal tao bo b l  ao a l )  
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- 3t2. t n + n t 3  t4 ) = -(8/5) (3tiotb1”bo ao a1 ao b l  .bo 
t4 + n d 

dY(nbo bo ao ao 

-n t3 ) + F(nbotgo + naot:o) a1 ao 
= - :. 

Eqs. ( 2 4 )  r e a d i l y  give,  

% o = n  ao = n  0 

c = - 
‘bo tao - to (26) 

The f i r s t  and t h e  t h i r d  equations of Eqs. (25) are r e a d i l y  i n t e g r a t e d  

wi th  t h e  cons t an t s  of i n t e g r a t i o n s  C and C r e spec t ive ly .  The second 

and t h e  f o u r t h  equat ions  become wi th  the  use of t h e  s o l u t i o n s  of t h e  

3 4 - 

o t h e r  two equations as, 

dnotE 

dY C 3  + Fno I__- _ -  

(4 F C3Y 4- C 4 )  + Fnot: dnot: 4 - = - -  
dY 5 

Above equations can s a t i s f y  fou r  boundary condi t ions .  Two of t h e  

boundary condi t ions  are given as, 

The remaining two w i l l  be determined through t h e  matching with t h e  

inne r  s o l u t i o n  t o  b e  obtained i n  the  following. Eqs. (27) and (28) 

are non-linear. Af t e r  t h e  remaining two boundary condi t ions  are speci-  

f i e d ,  Eqs. (27) and (28) are i n t e g r a t e d  numerical ly  by a d i g i t a l  

eompu t er . 
Inner  Region; Nonequilibrium Absorption Layer 

W e  f i r s t  s t r e t c h  t h i s  reg ion  by de f in ing  an  independent v a r i a b l e  
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rl as, 

The dependent 

Y .  q = -  
P E 

v a r i a b l e s  are then expanded as, 

SA 2 SA 

i 2  n = & n  + E  n i il 

- A hA - tio + E til + 

+ o ( ~ ~ ~ )  

( 3 0 )  

(31) 

where i may b e  a o r  - b and (") denotes t h e  inne r  region. 

mentioned i n  s e c t i o n  I V ,  i t  i s  t h e  s m a l l  va lues  of n near t h e  su r face  

A s  i t  w a s  
I 

which is  t h e  cause of t h e  s i n g u l a r i t y .  Therefore, t'jle fLrst term i n  

t h e  expansion of ni is  considered t o  be of o rde r  E 
S i n  o rde r  t h a t  t h e  

c o r r e c t  s ingu la r  behavior can become manifest .  

Eqs. ( 3 0 )  and (31) are s u b s t i t u t e d  i n t o  Eqs. (17) through (20). 

A study of t h e  r e s u l t i n g  equations showed t h a t  t h e  va r ious  terms become 

of c o n s i s t e n t  o rde r s  of magnitude, and a l s o  t h e  subsequent niatching can 

be accomplished t o  t h e  c o r r e c t  o rde r s ,  i f  w e  l e t ;  

q = s = h = l  (32) 

S e t s  of pe r tu rba t ion  equations are generated from t h e  above manipulations. 

The f i r s t  two order  pe r tu rba t ion  equations are given below. 

For 0(1) ,  

(33) 
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Eqs .  (33), and t h e  second and t h e  t h i r d  equations of Eqs.  (34) 

are r e a d i l y  in t eg ra t ed  t o  give, 

There 

s h a l l  

are four  cons t an t s  of i n t e g r a t i o n s  i n  t h e  above equations. We 

now apply t h e  lower w a l l  boundary condi t ions  t o  Eqs.  (35) and 

e l imina te  two of t h e  fou r  cons tan ts .  

The en i s s ion  rate of e l e c t r o n s  a t  .the lower p l a t e ,  <n’v > e e w’ 

whose d i s t r i b u t i o n  is given by Eq. (2) is, 
m c o m  

<n’v > = I I 1 v f du dvedw 
e e -?) 0-, e e , w  e e. 
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A s  usual ,  t h e  boundary condi t ion  must be  s a t i s f i e d  by t h e  lowest 

order  t e r m  of t h e  per turba t ion .  Therefore, t h e  boundary condi t ion ,  

A Eq, (36), s p e c i f i e s  n̂ t Since t h e  e l e c t r o n s  are emitted bl,w bo,w‘ 

a t  t h e  given p l a t e  temperature, we have T ‘I2 = T ‘I2, and, hence 
b,w s , w  

. The a p p l i c a t i o n  of t h e  boundary cond i t ion  
%,w 

Eq.  (36) s p e c i f i e s  

t o  Eqs. (35) t h a t ,  a t  n = 0, 
, 

. n’ 

n’ 
* - A  
%l - % l , w  = %,JE = 

gives  t h e  r e l a t i o n s h i p s ,  

(37) 

A2 A A A - - A 

‘3 - ( $ 1 , ~  tbo,w) +f$l,w tbo,w ‘1) (nbl,w 
(38) A3 4 312 

f i  1 / 2  

t (‘bl,w bo,w - ‘2) *t4 ) + - *  A - 4 

‘ 4  - (nbl,w bo,w %;w -%o,w - C1) 

A /r 
Eqs .  (38) e l imina te s  C and C as independent cons t an t s  of i n t e g r a t i o n .  3 4 

A A 
The remaining cons t an t s  C and C w i l l  be  determined through t h e  matching 1 2 

t o  be described i n  t h e  following. 

Matching 

The governing equations,  Eqs.  (17) through (20),  desc r ibe  t h e  fou r  

moments n T 1 1 2  - naTa 11 2 , nbTb + naTa, nbT;l2 - n T3I2, and 
b b  a a  

2 2 .  n T 

through (26), f o r  t h e  ou te r  reg ion  as, 

+ naTa. These fou r  moments become, wi th  t h e  a i d  of Eqs .  (23) b b  

2 l I2  = & c3 + O ( &  ) 1 1 2  
”bTb - naTa (39) 
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+ t a l ) ]  
n T  + n a T a = 2 n t  2 + E  [(%I + to 2 + ( t b l  

b b  0 0  0 0  

2 + O(E ) 

4 
0 0  

nbTb 2 + naT: = 2 h t (tbl + tal) + to (nbl + rial)] 

The moments become, wi th  t h e  a i d  of Eqs. (30) through (35), f o r  t h e  

inner  reg ion  as, ‘ 

2 T ” ~  - n T ~ / ~  = &el + o(& % b  a a  

2 
nbTb + naTa = ~ ( 2 2 ~  n j- ?3) + O(E ) 

%Tb’ 3 / 2  - n T  3/2 = &E2 + 0(E2) a a  

8 . .  2 
5 c2 rl + ?4) + O(E 1 2 n,,Tb + naTa = E(  - - 

(43 1 

(44) 

(45) 

Each moment is now matched between t h e  two reg ions  r equ i r ing  

t h a t  t h e  o u t e r  s o l u t i o n  as Y + 0 should match, t e r m  by t e r m  wi th  

t h e  inne r  s o l u t i o n  as  ri + a, 

procedure is  found elsewhere . 
The d e t a i l e d  explana t ion  of a matching 

21 

Equations (39) and ( 4 3 ) ,  can be matched by observa t ion  t o  give,  

A 

(47) 
c3 = c1 

From Eq. (40) t h e  two t-erm.inner expansion of . t h e  one term ou te r  

expansion (see re fe rence  21) becomes as Y -t 0, i n  t h e  inner  v a r i a b l e ,  

_- 

,I 

%Tb + n,Ta = 2 (n t 2 ) + 2 E 

o o w  
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From Eq. (44), on t h e  o the r  hand, t h e  one t e r m  o u t e r  expansion 

of t h e  two t e r m  i n n e r  expansion becomes, i n  t h e  o u t e r  v a r i a b l e ,  
. .  

”bTb i- *aT, 

Matching of Eqs. (48) and 

g ives  , 
n 

A 
= -  2 c1 Y 

.‘ 
(49) 

(49) by changing e i t h e r  n t o  Y o r  Y t o  n 
” 

Equations (41) and (45),  and Eqs. (42) and (46) are matched s i m i l a r -  

l y ,  and t h e r e  r e s u l t  t h e  condi t ions ,  

The matching i s  now completed f o r  t h e  lowest order .  Construct ion of 

t h e  complete s o l u t i o n  i s  summarized below. 

Complete Lowest Order Solu t ion  

Equations (50) and (53) obtained through t h e  matching are t h e  

two of t h e  fou r  boundary condi t ions  needed f o r  t h e  ou te r  equations,  

Eqs. (27) and (28). 

Equations (51) and (54) are not independent condi t ions .  The 

ou te r  equations, Eqs. (27) and (28), become Eqs. (51) and (54) res- 

p e c t i v e l y  a t  Y = 0 when t h e  condi t ions ,  Eqs. (50) and (53),  are appl ied ,  

thus  showing t h e  cons is tency  of t h e  matching. 
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Equations (27) and (28) are i n t e g r a t e d  numerical ly  f o r  t h e  two 

func t ions ,  (n t ) and (n t ) t o  s a t i s f y  t h e  fou r  bobndary con- 

d i t i o n s ,  Eqs. (29), (50) and (53). The s o l u t i o n  gave no(Y>, 

ti CY), C3 and C4, thus providing t h e  lowest order  va lues  of 

n and T f o r  t h e  ou te r  reg ion  from Eqs. (23). 

2 4 
0 0  0 0  

With C and C known, t h e  cons t an t s  of i n t e g r a t i o n  f o r  3 4 
A h  A A 

C2, and C3, and C are r e a d i l y  obtained t h e  inne r  reg ion  C 

from Eqs. ( 4 7 ) ,  (52), and (38), i n  terms of t h e  su r face  con- 

d i t i o n s ,  n and T = T given by Eq. (36). Equations 

(35) are now determinate.  The a lgeb ra i c  equat ions ,  Eqs. (35), 

though nonl inear ,  can be manipulated i n t o  e x p l i c i t  expressions 

f o r  n n al '  bl' tao 

order  va lues  of n 

lowest order  n and T f o r  t h e  inne r  reg ion  are f i n a l l y  obtained as, 

1' 4 

b,w b,w s ,w '  

/r 
Equations (31) then g ive  t h e  lowest 

and T f o r  t h e  inner  region. The 

bo' and t A h A  

a' nb' Ta' b 

1 I I I f e  due dve dwe = (% + na)/  2 
-00 

n' n =  
ea,W . .  

due dve dwe 

where <v > is  t h e  average e l e c t r o n  v e l o c i t y  i n  y d i r e c t i o n .  e 

1 . .  
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V I  DISCUSSION OF RESULTS 

Typical  e l e c t r o n  temperature and e l e c t r o n  nurr er dens i ty  

p r o f i l e s  obtained from t h e  s o l u t i o n  are p l o t t e d  i n  Figs.  2 

through 5. 

Fig. 6. 

The su r face  e l e c t r o n  temperature jump is  shown i n  

It i s  clear from t h e  preceding sectionji t h a t  t h e  s o l u t i o n  

i s  determined, so f a r  as t h e  su r face  e f f e c t  i s  concerned, when 

t h e  su r face  temperature and n 

f emission rate, i s  s p e c i f i e d .  The s o l u t i o n s  are, the re fo re ,  

p l o t t e d  i n  Figs.  2 through 6 with % 

parameter r ep resen t ing  t h e  su r face  emission rate. 

/E ,  which is  given by t h e  su r face  
b,w 

/E = (n '  ' ) /E as t h e  ,w e, , aJ 

The "nonequilibrium absorp t ion  layer"  defined and discussed 

i n  s e c t i o n  IV causes,  among o the r  t h ings ,  t h e  su r face  e l e c t r o n  

temperature jump. F igure  6 shows t h a t  t h e  absorp t ion  l a y e r  d i s -  

appears and t h e  continuum process becomes v a l i d  a l l  t h e  way t o  

t h e  s u r f a c e  when n /E > O(l0). 
b,w 

I n  t h i s  l i m i t ,  t h e  e l e c t r o n s  a t  t h e  su r face  i s  a t  t h e  su r face  

temperature. A l s o ,  t h e  most nonequilibrium o r  "frozen" absorp t ion  

l a y e r  e x i s t s  when n 

I n  t h i s  "feozen" l i m i t ,  t h e  su r face  emission rate of e l e c t r o n s  i s  

so  low t h a t  t h e  e l e c t r o n s  i n  the  plasma are unaffected by t h e  

presence of t h e  s u r f a c e  wi th  a given s u r f a c e  temperature, and t h e  

s u r f a c e  e l e c t r o n  temperature jump i s  maximum. 

l i m i t s  of continuum (or equilibrium) and f rozen  absorp t ion  l a y e r s ,  

t h e  e l e c t r o n s  near  t h e  s u r f a c e  f e e l  a l imi t ed  in f luence  of t h e  

s u r f a c e  r e s u l t i n g  i n  the  e l e c t r o n  temperature jump shown i n  Fig. 6. 

E < 0(10-2) when T is  of order one. 
b,w/ = s ,w 

Between t h e s e  two 
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/E i s  increased and as 
%W 

W e  see i n  Figs.  2 through 5 t h a t  as 

t h e  s u r f a c e  e l e c t r o n  temperature jump i s  reduced, t h e  e f f e c t  of the 

su r face  temperature r a p i d l y  spreads deeply i n t o  the main body of 

the plasma. Therefore,  f o r  t h e  s m a l l  va lues  of E ,  f o r  which t h e  "COP 

* .  

tinuum plasma theory" I-.%' has  been developed, an  extremely s m a l l  

o r  an  extrerrely small  s u r f a c e  emission rate can 
%,w 

va lue  of 

g r e a t l y  a l ter  t h e  e l e c t r o n  temperature p r o f i l e  f r o m  t h a t  corres-  

pondibg t o  a non-emitting conductor. 

Since t h e  s u r f a c e  e l e c t r o n  temperature jump inc reases  wi th  

t h e  decreasing n /E, t h e  jump inc reases  a s  E i s  increased fo r  

a given emission rate. This  increas ing  su r face  e l e c t r o n  tempera- 

t u r e  jump accompanying t h e  increas ing  E, however, is due t o  t h e  

r a r e f a c t i o n  of t h e  n e u t r a l  gas ,  as seen  i n  Eq. (21), which causes  

t h e  k i n e t i c  d i s t r u b u t i o n  of e l e c t r o n s  t o  become ncnequil-ibrium 

uniformly throughout t he  plasma. This  e f f e c t  is, the re fc re ,  basi-  

b,w 

! 

c a l l y  d i f f e r e n t  from t h a t  of decreasing n 

of E where t h e  l a r g e  e l e c t r o n  temperature jump occurs  due t o  t h e  

nonequilibrium absorp t ion  l a y e r  near  t h e  w a l l .  Of course,  w i th  the  

contiouous increas ing  E ,  t h e  n e u t r a l  gas  d i s t r i b u t i o n  i t s e l f  w i l l  

become highly nonequilibrium and w i l l  create a n e u t r a l  gas  tempera- 

t u r e  jump a t  t h e  su r face  i n  s d d i t i o n  t o  t h e  e l e c t r o n  temperature 

jump. 

f o r  a given s m a l l  va lue  
b,w 

F ina l ly ,  we shal l  deduce, from t h e  p re sen t  ana lys i s ,  the . 

s u r f a c e  boundary condi t ion  f o r  t h e  e l e c t r o n  energy equat ions 

appearing i.n t h e  continuum plasma ana lyses  such as those  of r e f -  

erences 7 through 10. We f i r s t  recognize t h a t  t h e  lowest o rde r  
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p r e c i s e l y  t h e  continuum equat ions f o r  t h e  present  problem of 

Fig,  1 governing t h e  e l ec t rons .  Equation (27) i s  t h e  e l e c t r o n  

momentum equat ion and Eq. (28)‘ is  t h e  e l e c t r o n  energy equation. 

What w e  seek i s ,  therefore ,  t h e  s u i t a b l e  s u r f a c e  boundary con- 

d i t i o n s  which may be  appl ied  t o ’ t h e s e  equat ions  d i r e c t l y ,  w i t h -  

ou t  going through the inne r  so lu t ions ,  t o  produce n and T pro- 

f i l e s  which are acceptably c l o s e  t o  the s o l u t i o n s  shown on Pigs.  2 

” 

through 5. 

When t h e  su r face  e l e c t r o n  emission i s  s u f f i c i e n t l y  s m a l l  

such t h a t  n 

s o l u t i o n  desc r ibes  t h e  e l e c t r o n  temperature c o r r e c t l y ,  p r a c t i c a l l y  

/EL O(SO-’), Figs .  2 through 5 show t h a t  the outkr  
b,w - 

a l l  t h e  way t o  t h e  surface.  The ou te r  equat ions,  Eqs. (27) and (28) 

can b e  combined as, 

dTO + T(+ 4 F C3 Y + Cq) - C 3  To = 0 (noTo) dy (55) 

where T = to. 

appl ied  t o  Eqs. (27) and (28) can be  shown t o  b e  equiva len t  t o  t h e  

The su r face  boundary condi t ions ,  E q s .  (50) and (53) 
0 

boundary condi t ions ,  

n = o  
osw 

10 
The e l e c t r o n  energy equat ion employed by Chung7-’ and o t h e r s  

i s  e s s e n t i a l l y  Eq. (55) w i t h  t he  d i f f e r e n c e s  being only due t o  t h e  

d i f f e r e n t  flow geometries,  n e u t r a l  gas compress ib i l i t i e s ,  and t h e  

d i f f e r e n t  e lec t ron-neut ra l  c o l l i s i o n  cross-sect ions.  Furthermore, 

t he  su r face  boundary condi t ions  employed by Chung7-’ f o r  t h e  e l e c t r o n  

energy equat ion when t h e  s u r f a c e  emission i s  zero  i s  p r e c i s e l y  
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Eqs. (56) and (57) w i t h  t h e  only a lgeb ra i c  d i f f e rences  being aga in  

due t o  t h e  d i f f e r e n t  f low geometries,  etc. W e  have shown, there- 

fo re ,  t h a t  t h e  s u r f a c e  boundary condi t ion  f o r  t h e  e l e c t r o n  energy 

equat ion employed by C h ~ n g ~ - ~  f o r  the continuum plasma is co r rec t .  

. .  

. I  

Now, l e t  u s  consider  the case f o r  which t h e  s u r f a c e  emission . 

rate i s  such t h a t  n 

the  continuum energy equation, Eq. (SS), be  solved wi th  t h e  w a l l  

boundary condi t ions ,  

/E > O(O-lO-l). It i s  proposed, here in ,  t h a t  
b,w 

no(Y = 0) = n 

T(Y = o)= Tw 

# 0 
b,w 

(58)  

The s o l u t i o n  of t h e  continuum equat ions are obtained i n  t h e  p re sen t  

/ E  = 4 (shown i n  s tudy t o  s a t i s f y  E q s .  (58), and r e s u l t s  f o r  

broken l i n e s )  are compared i n  Figs.  2 through 5 wi th  the  c o r r e c t  

so lu t ions .  It i s  seen  t h a t  t h e  simple su r face  boundary condi t ions,  

Eqs. (58), when appl ied  d i r e c t l y  t o  continuum equat ions g i v e  t h e  

%w 

e l e c t r o n  temperature p r o f i l e s  which are acceptably c lose ,  f o r  "con- 

tinuum plasma" s t u d i e s ,  t o  the c o r r e c t  so lu t ions .  I n  t h e  continuum 

plasma ana lyses ,  t h e  accu ra t e  va lue  of e l e c t r o n  temperature wi th in  

a few mean f r e e  pa ths  of t h e  su r face  i t s e l f  i s  no t  a c r i t i ca l  f a c t o r ,  

as long as i t  does no t  a f f e c t  t h e  e l e c t r o n  temperature i n  t h e  main 

plasma. 

V I 1  CONCLUDING REMARKS 

The i n t e r a c t i o n  of e l ec t rons ,  i n  weakly ionized continuum plasma, 

w i th  absorbing and emi t t ing  su r faces  has  been s tud ied  by analyzing t h e  

Boltzmann equat ion governing t h e  e l ec t rons .  I n  order  no t  t o  obscure 

t h e  i n t e r a c t i o n  phenomenon by mathematical complicat ions a'ssociated 
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w i t h  a complete k i n e t i c  formulat ion of t h e  plasma, i t  w a s  assumed t h a t  

t h e  e l e c t r i c  f i e l d  i n t e n s i t y  i s  given a p r i o r i .  Solu t ion  w a s  obtained 

by Mott-Smith", and Liu and Lees1* moment method, and by using t h e  

method of "inner- and -outer" expansions. 

. .  

It w a s  shown t h a t  t h e r e  e x i s t s  a "nonequilibrium absorp t ion  

layer",  which corresponds t o  t h e  "inner" reg ion ,  wherein t h e  k i n e t i c  

d i s t r i b u t i o n  of  e l e c t r o n s  i s  completely ou t  of equi l ibr ium f o r  

a l l  va lues  of t h e  mean f r e e  path, when t h e  s u r f a c e  i s  h ighly  absor- 

bent wi th  n e g l i g i b l e  emission. This l a y e r  is  re spons ib l e  f o r  t h e  

s u r f a c e  e l e c t r o n  temperature jump, and i t  governs t h e  e l e c t r o n  

temperature p r o f i l e  through t h e  continuum as  w e l l  as the  r a r e f i e d  

plasmas. The d e t a i l e d  mathematical and phys ica l  c h a r a c t e r i s t i c s  

of t h e  absorp t ion  l a y e r  are discussed i n  s e c t i o n s  I V  and V I .  

It w a s  found from t h e  a n a l y s i s  t h a t  t h e  s i m p l e  s u r f a c e  

boundary condi t ion  f o r  t h e  e l e c t r o n  energy equat ion  previous ly  

employed by Chung7 i n  t h e  continuum plasma a n a l y s i s  i s  c o r r e c t  

i n  t h e  l i m i t  of no s u r f a c e  emission. S i m i l a r  s i m p l e  su r f ace  

boundary condi t ion  i s  deduced from t h e  p re sen t  a n a l y s i s  f o r  t he  

su r faces  wi th  given f i n i t e  e l e c t r o n  emission rates. 
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LIST OF FOOTNOTES 

* 

** 

I n  o rde r  f o r  t h e  continuum equat ion t o  be  app l i cab le  t o  plasma, 

the mean f r e e  pa th  must be  much smaller than  the Debye sh ie ld ing  

l eng th  i n  a d d i t i o n  t o  t h e  usua l  requirement of t h e  c o l l i s i o n  

dominence. 

A s  it w a s  mentioned earlier, t h e  usua l  assumption has  been t h a t  

t h e  e l e c t r o n  temperature i s  known t o  be  e i t h e r  a t  t h e  va lue  of 

t h e  n e u t r a l  gas ' t empera ture  o r  a t  another  ass igned cons tan t  

value.  

A** The e l e c t r o n  energy i n  t h e  weakly ionized plasmas of t h e  present  

i n t e r e s t  i s  less than 1 e.v. 

ITV More p r e c i s e l y  f o r  me/m <<E<< 1. 

# P a r t i c u l a r l y ,  see E q s ,  (37) .  

I# See Eq. ( 3 6 ) . .  

g 



FIGURE CAPTIONS 

FIG. 1 

FIG. 2 

FIG.. 3 
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FIG. 4 

FIG. 5 

FIG. 6 

Plasma Configuration 

Eiec t ron  Temperature and Density P r o f i l e s  Near Surface 

f o r  F = 0 

Elec t ron  Temperature and Density P r o f i l e s  Near Surface 

f o r  F = 1 .O 

Elec t ron  Temperature and Density P r o f i l e s  Near Surface 
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PIG. 4 ELECTRON T ~ P E R A T U R E  AND DENSITY PROFILES NEAR SURFACE FOR F = - 1 '  
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' FIG. 5 ELECTRON TEMPERATURE PROFILE F O R E  = 0.01. 
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